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Finite Plastic Deformation Due to Crystallographic Slip

G. Y. Chin, R. N. Thurston, and E. A. Nesbitt

A geneval velationship between the amount of glide
shear (due to slip) and the macroscopic shape change
has been developed. Since the deformation can be
large, finite strain analysis is employed. In this treat-
ment, the shape change is expressed by a deformation
gradient matrix, F = [axi/an ], where X and x vefer
to the initial and final positions of a particle. This
matrix is readily evaluated in tevms of the amount of
glide shear, a, and the divection cosines of the slip-
plane novmal and the slip divection for a single active
slip system. In the case of deformation from slip on
several systems, the product F(a) of the several de-
formation gradient matvices is fivst calculated. Then,
by assuming that the final configuration is veached by
a long sevies of small shears of magnitude a, occur-
ring move ov less altevnately in the several slip sys-

IN problems of crystal plasticity, it is often neces-
sary to relate the amount of glide in the operating slip
systems to the macroscopic strain components. This
relationship is relatively simple when only small
strains are considered.'”” In this case the separate
strain contributions from several slip systems are
additive. Such a procedure is incorrect in the case of
large plastic deformation. To the authors’ knowledge,
no general treatment of the latter problem has ap-
peared in the literature. In specific instances, Mark,
Polanyi, and Schmid® have derived the relationship be-
tween glide and axial elongation during tensile pulling
of a single crystal when only one slip system is active.
A similar relationship for duplex slip was worked out
by v. Géler and Sachs.* Taylor and Elam® have also

studied in detail problems of large plastic deformation.

Due to uncertainties as to the slip systems at the time,
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tems, the final deformation gradient matvix can be ob-
tained. Mathematically, the problem is reduced to
finding the limit of F@N as N—w while a—0 in
such a way that the product Na = «, a finite constant
designating the accumulated amount of shear. It

turns out that this limit is simply €Y1, where F,is
the matvix whose elements are the coefficients of a
in the F(a) matrix. Application is made of the pres-
ent treatment to a fcc crystal of Permalloy com-
pressed on the (110) plane and contrained to elongate
in the [112] divection. In addition, it is shown that one
may readily obtain from the general analysis the well-
known formulas relating elongation, amount of glide
shear, and amount of lattice votation for crystals de-
Jforming by single and double slip under tension.

however, they were mainly concerned with proving
that slip occurs on {111}(110) systems in fcc metals.

The present general treatment arose out of recent
investigations of magnetic anisotropy in cold-worked
Fe-Ni alloys® as well as some related problems in
strength anisotropy of single crystals.” Detailed ap-
plication of the general analysis will be provided in
the case of a Permalloy single crystal compressed on
the (110) plane and constrained to elongate only in the
[112] direction. It will be seen that, as expected, the
small strain approximation leads to significant errors
after moderate straining. It will also be shown that
the present general treatment yields the formulas of
Mark ef al. and of v. Goler and Sachs in those specific
cases.

GENERAL CONSIDERA TIONS®

Consider a homogeneous deformation in which a
material point initially at (X, X,,X3) moves to
(x1,%2,x3), both positions being referred to the same
set of Cartesian axes. Such a deformation can be
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specified completely by the deformation gradient ma-
trix, F, of components 9x;/0X;: ;

o m m

0X1 0X2 0X3

- | 9x2 X2 0X2
= | 9%X2 0X2 gxz il
# 90X, 9X> 0Xs [1]

0X1 0X2 0X3

The displacement components are u; =x; — X;, and
hence the matrix [1] can be written in terms of the
displacement derivatives by the substitutions

ax; ou;
e, o 2 F
g9 ox, (2]

where 6;; is the Kronecker delta.
In view of Eq. [2], the displacement derivatives and
the small strain components

e 8%y
G 2(an K a_X,) (3]
can readily be obtained from the matrix F.
Since the nine quantities 3x;/ 0X; specify the defor-
mation completely, all quantities associated with the
deformation can be derived from them. For example,

the ratio of final volume to initial volume is the de-
terminant of F':

V final
———== =detF 4
Vinitial . [4]
The ratio, Ap, of final length to initial length for any
material line can be found from

9x; 0x;
AL = 944 9B D [5]
P i?]s 0X; oXp itk
where P is the unit vector giving the initial direction
of the line. The unit vector p giving the final direction
of the line (after the deformation) has the components
oL 5%
bi = Ap ; BTJ'P 72
In general, the rotation of a material plane and the
change in the perpendicular distance between parallel
specimen faces is most conveniently expressed in
terms of the quantities 9X;/0x;, which may be obtained
by inversion of the matrix F. The ratio fq of initial
to final perpendicular distance between material planes
of initial unit normal @ can be found from

-y 80X 3Xp
faQ i,]E',k ax] aX] Qle [71

10=314:2,13 (6]

while the planes acquire the final unit normal q of
components

_ s 0%
qj = fQ? Q’ax,- [8]
If the initial and final normal can be identified as the
same material line, then fq = 1/Aq.

An important advantage of specifying a deformation
by its deformation gradient matrix is that the matrix
for the resultant of two or more successive deforma-
tions is the product of the matrices for the individual
deformations. For example, consider two successive
deformations such that the first moves points initially
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at (X1,X,,Xs) to some intermediate configuration
(91,¥2,¥3) specified by the deformation gradient matrix

0y

Fyp=|=t

4 [ax,-] &
while the second deformation, from the intermediate

configuration (yi,¥2,ys) to the final configuration
(x1,x2,x3), is specified by

0X;
Fp=|—t 10
B [ayJ [10]
Since
i _ Ve 0%

0X; =y 9X; ovp
the deformation gradient matrix for the resultant de-
formation from (X,,X,,Xs) to (x1,x2,x3) is given by
the matrix product FpF,, i.e.,

x4 3 9x; ayk]
oxXi | = 22 9Pk | o
[axj] [,,Eﬂ Wr 0X; B¥A

Finally, although we have no occasion to use them
in the present paper, it may be noted that the finite
strain components in the material (or Lagrangian) de-
scription are the elements of (1/2)(FTF —I) while the
corresponding quantities in the spatial (Eulerian) de-
scription are the elements of (1/2)[I — (F™)TF™].
Here I is the unit matrix and the superscript 7' de-
notes the transpose.

[11]

SINGLE SLIP

Consider a unit vector m (with components »z,,m,,
m3) along the slip direction and a unit vector n (com-
ponents 7,,n,,m3) normal to the slip plane. Then, with
the origin considered a fixed point, we have

¢ =) 25'3 [12]

where X is the position vector with components X;,
and a is the amount of simple shear resulting from
slip. Upon noting that X-n = Z_)Xjnj, we find, by dif-

U; =% —X; =a(X'n)mi

i
ferentiation of [12] in accordance with [2],

0x;

3%; =045 +amin; [13]
or
1+amin, amin; amns
F=| am.m 1+ aman, amans [14]
amsn, amsns 1 +amsn;
Eq. [14] can be written as
F =1 +amnT [14a]

where m and n are the single-column matrices of
direction cosines, and the superscript 7 denotes the
transpose as before; i.e., nl is a single-7ow matrix.
Since the slip direction m lies in the slip plane, i.e.,
perpendicular to n, we always have m-n = 0. It fol-
lows that det F' = 1, i.e., there is no volume change,
and that F~' for use in the general equations [7] and
[8] is simply

F'=1—-amnT [14b]

or
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axX;

5% [14c]

ij = aminj
If we take a Cartesian coordinate system with the

normal n to the slip plane as axis 1 and the slip

direction m as axis 2, the components of n are

(1, 0, 0) and those of m are (0, 1, 0). Matrix [14]

then becomes

1 0 0
F=|a 1 0 [15]
0 0 1

With the deformation gradient matrix given by Eq. [15],
Eq. [5] reduces to

AL =(§—:)2 ='1'+aP? + 2aP, P, [16]
while Eq. [6] yields

p1= g—‘l’Pl [17a]

p2= ;—j(apl + Py) [17b]

ps = ﬁpg [17¢]

Here P,, P,, and P; are the direction cosines
(with respect to the same coordinates as m and n
above) of the initial direction of any arbitrary ma-
terial line; p., p2, and ps are the corresponding val-
ues after the deformation; 1,/1, is the ratio of final
to initial length.

These formulas are applicable to tensile testing
when the deformation corresponds to a single active
slip system. The grip system maintains the direction
of the material line along the tensile axis. This line,
however, rotates with respect to the lattice, and hence
with respect to our coordinate system which is fixed
in the lattice. With P along the tensile axis, the above
formulas enable one to find the length ratio 1,/1, and
the rotation of the tensile axis with respect to the lat-
tice. The amount of shear, a, can be expressed in
terms of the initial and final positions of the tensile
axis by solving Eq. [17b] for a after substituting for
1o/ 1, from [17a]. The result is

geld _ It [18]

P P,

Egs. [16] to [18] have been derived previously by
Mark, Polanyi, and Schmid.®

As a specific application, Fig. 1 shows a standard
(001) stereographic projection. If the tensile axis P
of a single-crystal rod lies anywhere within the stand-
ard [001]-[111]-{011] triangle, then according to the
Schmid law the active slip system for a fcc crystal is
(111)[101] (the primary slip system). It is convenient
to use [111], [101], [121] as Cartesian coordinate axes,
in which case the deformation gradient matrix is given
by Eq. [15], and the remaining formulas [16] to [18]
are directly applicable.

TWO OR MORE SLIP SYSTEMS

In extending the treatment to two (or more) slip
systems A and B, we express the corresponding de-
formation gradient matrices (see Eq. [14a]) as
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Fp=1 +ampy n£
F3=[+bm3ng = § +Bam3ng [19]
where B =b/a is the ratio of glide-shear of the two
slip systems. If shear in A is followed by shear in B,
the deformation gradient matrix for the combination is

FpFp=1 +a(mAn£ +5mBn£) +aZB(mBn£mAn£)

=] +aF, +a’F, [20]

where F, = mAng + BmBng and F, =Bm3n§mAn£. If

shear in B is followed by shear in A, the combined
result, given by FxFpg, is the same except that F»
=Bmyn mBng. Note in general mAnZ{mB_n
+m BanAng since this is a matrix product.
Physically, we imagine that the final configuration
resulting from the operation of the two slip systems
is reached by a long series of steps in which a small
deformation F4 (or Fp) is followed by a small defor-
mation Fg (or Fp). Thus, we expect to represent the
final configuration mathematically by a deformation
gradient matrix which is the limit of (FpF4)N as
N — while a — 0 in such a way that the product
Na = o, a finite constant designating the accumulated
amount of shear in slip system A. The desired limit is

F = lim (FgFa)¥/® = lim ( +aF, +a’F,)*/
a—0 a—0
= 1 F 1 ZFZ + 1_ 3F3
=1+ 1+§0’ 1 3!0 1 ese
= eaFl [21J

Since F, does not enter the final result, (FpFp )N has
the same limit. Thus, as expected, the final configu-
ration is independent of the exact sequence of opera-

100

100

Fig. 1—Standard (001) stereographic projection for a cubic
crystal. A single crystal whose tensile axis P lies inside the
triangle deforms by (111)[101] (primary) slip. If tensile axis
lies along the [001]-[111] line, equal slip on (111)[T01] (pri-
mary) and (111)[011] (conjugate) results. Arrows indicate
path of axial rotation.
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tion of the two slip systems, in contrast to the result
of a sequence of two finite shears. It can easily be
shown that Eq. [21] is likewise applicable to more than
two slip systems. The matrix F, will in general take
the form Fy =m nj +Bmpnh +ymnl + -

It remains now to evaluate the matrix ¢®F1 of Eq.
[21]. We first note that any similarity transformation
that diagonalizes af, also diagonalizes e®F1, Letus
suppose that a nonsingular matrix S has been found
such that

Ayl 1 QBT 5D
S@F)S'=al0 A, 0|=aA [22]
0 0 A3
Then,
i
A =5EFyst=| 0 ™2 0 [23]
0 0 s
and ¢*f1 can be found from
I = ST S(e*F1)s7']S = 57H(e2A)S [24]

This evaluation requires diagonalization of the matrix.
E. N. Gilbert® has shown us an elegant method, pre-
sented in the Appendix, of evaluating e®F1 without di-
agonalization. The calculations will now be illustrated
with the following deformation.

CASE OF (110)[112] COMPRESSION

Fig. 2 shows the standard (110) stereographic pro-
jection. If a fcc single crystal is compressed on the
(110) plane and constrained to flow in the [112] direc-
tion (by confining the crystal to a channel), slip will
occur equally in the two systems A = (111)[101] and
B = (111)[011] as a result of a favorable resolved
shear stress on these systems. In evaluating my, mp,

Fig. 2—Standard (110) stereographic projection. For com-
pression on (110) and elongation in [112], the active slip sys-
tems are (111)[011] and (111)[101].
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and so forth, of Eq. [20], it is convenient to take the
specimen axes as Cartesian coordinates, i.e., let
X1,X2, X3 be respectively along [110],[111],[112],
Fig. 2. The matrix of transformation from cubic axes
to those above is

[100] [o10] [o001]

1 )
110}, 17
- = 1 1 1
LU S i [25]
- 1 1 2
112} | 77 rhrpgetnaing

Hence, if i,,i,,i3 are unit vectors along the specimen
axes and I, I, I; along the cubic axes, we have, for
(111)[101] slip,

1 ’ ? )
nA=T3(11+12+I3)=‘/l_.611—%12-*%13
26]
1 V3 [
mg = = =T = 3h- -
and for (111)[011] slip,
1 V2
nB=‘\/%(11‘*12-13):—\/%11*’512‘?213
e [27]

1 1
mB=T2(Iz+Is)=§11+Tia

From Egs. [14] and [26], we have

st fe -
V6 6 3V2
¥+ 0 1 0 [28]
a a a
— e AT et
V2 2V3 V6.

where shear in the negative sense has been chosen to
conform with compression along X;.
Similarly, Eqs. [14] and [27] yield

1-2 b ol )
V6 6 3V2
Fg= 0 1 0 [29]
_ B | b
V2 2V3 V6.
Hence in the expected case of equal slip, b =a,
’ __2_‘L ; ﬁ & a’ a’
V6 3 3V6 3V3
FpFy = 0 1 0 [30]
£ a® 2a

- gl el 1+ +a—2
V3 V3 3V2 V6 3

In the form of Eq. [20], FgF4 =1 +aF, + a’F,,

2
-= 0 0

V6
Fi=| 0 0o 0
025102 S 5rul
V3 Ve
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i1 1
3 3V6  3V3
F2= 0 0 0
1 1 1
V5 T3z 3 B

In evaluating the final deformation gradient matrix
e?F1 (Eq. [21]) by the use of Eqgs. [22] to [24], the pro-
cedure is straightforward and can be found in stand-
ard texts. The elements of the diagonal matrix A

(Eq. [22]) are found to be A, = —2/V6, A, = 0, A3 = 2/V6,
and suitable matrices for the similarity transforma-
tion of Egs. [22] and [23] are

1 0 0 1 0 0
S=10 1 0], St=]|o0 1 0 [32]
1 1
0 -—= 1 0 —= 1
V2 V2

The application of Eqs. [23] and [24] then leads to the
desired deformation gradient matrix

e @ 0 0
F=e¢1=351] 0 1 0|
_le e o
e ¢ 0 0
=1 o 1 0 [33]
0 La-e9 oo
V2

where we have substituted ¢ = 201/\/3 merely as an
abbreviation.

To obtain the formulas relating the changes in
specimen dimensions and angles of lines, it may be
shown that application of Egs. [5] to [7] and [33] leads
to values of

ky

-
ko €
()
(34]
L_ o

tan 03, = iz (1-e9)

where hy, wi, I, and hy, wo, [, refer to specimen
height, width, and length after and before the deforma-
tion, respectively, and 03, is the angle by which a
line originally parallel to the [111] direction has
shifted in the [112] direction.

By contrast, it can be shown that the use of infini-
tesimal strain equations [3] leads to the following
expressions:

hl_

o 1T
W _q
Wo

=1+

2
5 ¢

Lo

1]

tan 63, [35]

which may also be deduced from Eq. [34] for small
values of ¢. Clearly for large values of ¢, Eq. [35]
can be quite erroneous.

Experiment. A single crystal of Permalloy (4 pct
Mo-17 pct Fe-79 pct Ni) was compressed on the (110)
plane with the elongation confined to the [112] direc-
tion. A special compression die was constructed to
restrict lateral spreading of the specimen. As illus-
trated in Fig. 3, the die consists of a slot formed by
three steel blocks bolted together to facilitate speci-
men removal. After the sample is placed in the slot
a plunger is fitted on top and the ensemble placed in a
Baldwin hydraulic machine for compression testing.
Good lubrication was achieved with 5-mil-thick Teflon
strips. Periodically the sample was removed for di-
mensional measurement as well as for renewal of the
Teflon. A more detailed description of the experi-
ment is given in Ref. 7.

The specimen shape after a 50.5 pct reduction in
height is shown in Fig. 4. Metallographic observations
of the slip-line tracings indicate that slip had occurred
primarily on the two expected systems (111)[101] and
(111)[011], Fig. 5. From Eq. [34] one obtains

1 ho
iy .- 2o 36
il E (- R) Lse]
" /':“-' !
0.498" > |- | st o
| v | :
//’I - t
B i
l 272 Wiee :
e of1 |
r— f ) g E @
: 3/ " q" /// ///,/ _"
I |4 A ,
L &
2 [— le—0.500" | _- @} 2P
| yn 4 7
! 174 i w7
l | - 3
H I P \‘ o
= L < AR s 3/8"-24 ALLEN
o HEAD BOLTS

Fig. 3—Compression device for approximating constrained
deformation.

&

Fig. 4—Top view of Permalloy single crystal compressed on
(110) plane and elongated in [112] direction. Thickness reduc-
tion 50.5 pet. Initial rectangular shape has changed to a
parallelogram. Directions noted in margins. X2.70. Reduced
approximately 1 pct for reproduction.
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[T12]
[

\m)

(171)

Fig. 5—Slip traces on top surface of (110)[112] Permalloy
crystal. Compressed 50.5 pct, electropolished, and then
lightly compressed. Traces correspond to both (111) and
(117) slip planes. X140. Reduced approximately 34 pct for
reproduction.

and hence a plot of tan 83. vs (1 — /iy/h;) should yield a
straight line with a slope of 0.707. This is shown in
Fig. 6, together with the experimentally determined
points. Agreement is considered very good. The
slight positive deviation from the expected line can
be explained on the basis of a small activity on the
systems (111)[011] and (111)[101]; see Fig. 2. If
lateral constraint had been absent, all four slip sys-
tems would have been equally favored. It can be
shown that slip on (111)[011] and (111)[101] systems
will cause lateral spreading as well as contributing
to a larger value of 63,. The measured width of the
sample was found to increase from 0.498 to 0.509 in.
after 50.5 pct reduction, supporting the above ra-
tionale. A rough calculation indicates that the extra
slip amounts to only 5 pct of the total.

It may be noted that the use of small strain equa-
tions [35] would have led to a value of tan s,
= [(ry/ho) — 1]/V2. As shown in Fig. 6, this value errs
by a factor of about two after 50 pct thickness reduc-
tion.

DOUBLE GLIDE IN TENSION—EQUAL PRIMARY
AND CONJUGATE SLIP

The tensile axis of a single crystal which initially
deforms by single slip generally rotates toward the
slip direction until the [001]-[111] symmetry line is
reached; see Fig. 1. Equal slip on both primary,
(111)[101], and conjugate, (111)[011], systems will
then rotate the tensile axis along the symmetry line
toward the [112] final position. Since these slip sys-
tems are the same as those operated in the previous
(110)[112] compression case, the same deformation
gradient matrix [33] may be used. In the present case,
however, the initial elongation direction is not at the
[112] position, but instead at €, from it, say. We are
interested in the relationship between tensile elonga-
tion, amount of glide, and lattice rotation as deforma-
tion proceeds by double glide.

Letting [110],[111],[112] be coordinate axes as be-
fore, the deformation gradient matrix from [33] is

e ¥ 0 0
=L56) 1 0 [37]
=2

R

(1-e9) e?
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THICKNESS REDUCTION, (hg—=h;)/hg

10 20 30 40 50 %
0.8 T T T T T

-TAN 632
o
n
I

SMALL STRAIN
APPROXIMATION

o | | ]
0 0.2 0.4 0.6 0.8 1.0

~(-39)

Fig. 6—Plot of tan 63y vs (1 — hy/hg) for (110)[112] compres—
sion. Straight line is according to theory, assuming only
(111)[011] and (111)[101] slip. Measured points from experi-
ment on Permalloy single crystal. Size of square containing
measured point indicates range of errors in measurement.

For a tensile axis initially at €, degrees from [112]
and toward [001], the unit vector P along this axis is
P = —sin €4, + COS €ois [38]
or
P1 = 0,

Let the tensile axis move to a position €, deg from
[112] after the deformation with the line p along this
axis being

P, = —sin €;, P3 =08 €

p = —sin €,i; + cos €;is [39]
or
pl = 07

P2 ='—sin €, 3 = COS €,

From Eq. [6], which relates the direction cosines of
the two lines, we have

_M g, 0%, 0%
Apha S 09X Fox 0X> for 90X i

or
—Ap sin €, = —sin €,

or
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I, _ sin €

AP =7, " sine [40]

Eq. [40], which relates the tensile elongation with the
lattice rotation for a crystal undergoing double glide,
was obtained by v. Goler and Sachs® through the inte-
gration of a differential equation. From Eq. [6], we
also have

0X3 0X3 X3

?\pps=aT;P1+a—){—2Pz+mP3
or
Ap COS €, = . (1 - e?) sin €, + e? cos €
V2
or
i
ool a

by substituting Ap = sin €¢/sin €;. Eq. [41] may be re-
written as

S=2(Y=\/-6_(P= ‘/gln [ﬁcotel-#l]
V2 cot € + 1
which relates the amount of glide anc the lattice rota-
tion for the double-glide case. Eq. [42] was likewise
developed by v. Goler and Sachs. It may be noted if €,
and €, are measured from [112] and toward the [111]
position, Eq. [42] becomes

S=vEIn [\/5 cotel—l]
V2 cot €g—1

[42]

[43]
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*Note added in proof: After the present work was submitted for publica-
tion, two related papers, by Bowen and Christian'® and by Schubert," have
come to our attention. The Bowen and Christian treatment of single glide
is essentially the same as ours. Their results for double glide, like those
of v. Goler and Sachs, were obtained by integrating a differential equation.
The latter method was also used by Schubert in treating both single and
double glide. On the other hand, we obtained, directly from the limit in
Eq.[21], the resultant deformation gradient matrix, from which all quantities
associated with the deformation can be computed readily.

APPENDIX"®

ALTERNATIVE EVALUATION OF ¢*f1 IN THE
DOUBLE-GLIDE CASE

In Eq. [20], it is noted that

Fy=mn} +Bmgn} [A.1]
for slip on systems A and B. Let us define matrices
P =mAn£, Q :mBng, R =m3"§: S=mAng
(A.2]
and the scalar products
r =n£m3, s =n£mA [A.3]

Since the slip directions m4 and mpg lie in the slip
planes of normals ng and np, respectively, we have
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T, _.T
npmy =ngmp =0 [A.4]

In view of the above definitions, the matrices P, @, R,
and S have the following multiplication table:

Second Factor

| P Q R S

P| O rS P 0

First Q@SB 0 0 s

Factor p | ¢ rQ IR 0

S| sP 0 0 sS
By application of this table, one finds
Fi=(P +BQ) =P* +BQP +PQ +BQ") =B(sR +7S)

[A.5]

F}= (P +BQ)B(SR +7S) = B(SPR +7PS)
+ B*(sQR +7QS)
=Brs(P + BQR) = BrsF,

It can be seen that each even power of F, is a scalar

multiple of the matrix F3, which we denote by
B =Fi =B(sR +7S) [A.6]

while each odd power is a scalar multiple of F, itself,
since

BF, = F\B = BrsF, [A.7]
Thus

Fi;=B, F3 =prsF,

Fi=B%=BrsB, F}=(Brs)’F,, and so forth [a.8]
In general,

F#*1 - (grs)¢F,

F3**2 = (prs)tB i
Finally,

PN (TN AR 70

So QR+ 7y 2R+ 2)!
ol 2k + 1
e \/:3% Z (m(/nger)l)!

B w0 (a%)2k+2

Brs /=6 (2% + 2)!
“1+ 7oL sinn(@i7s) + AL [cosh(a/@rs) - 1]
Brs Brs

[A.10]

As a simple example, we reconsider the case of
(110)[112] compression, for which ¢*F1 has already
been evaluated in Eq. [33]. For this case, we have
B=1,7r=s=(1/3)V6 = 2/V6, and F, is given by Eq.
[31]. Hence

-1 0 0 0 0 0
F, _| 0o 0 o FI _(0 0 0
VBrs 1 " Brs 1
0 —~—2= 1 i = ¥
V2 V2

Substitution into Eq. [A.10] then gives, with ¢ = 2a/V6,
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1000 0
Fi=10 1 0|+| 0 0 O|sinhg +|0
0 0 1
Hi @' 2 Wiy 0
V2
[ (cosh ¢ — sinh ¢) 0
= 0
1
0 o2
b V2

in agreement with Eq. [33].
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